We show that the m-cluster category of type D n is equivalent to a certain geometricallydefined category of arcs in a punctured regular nm − m + 1-gon. This generalizes a result of Schiffler for m = 1. We use the notion of the mth power of a translation quiver to realize the m-cluster category in terms of the cluster category.
Introduction
Let k be a field and Q a quiver of Dynkin type ∆. This category was introduced in [1] and has been studied by Assem, Brüstle, Schiffler and
Todorov [2] , the authors [3] , Thomas [4] , Wralsen [5] and Zhu [6] . In particular, Thomas and Zhu have shown that it gives rise to the combinatorics of the generalized cluster complexes of Fomin and Reading [7] (defined by Tzanaki [8] for types A and B). It is known that C m ∆ is triangulated [1] , Krull-Schmidt and has almost split triangles [9, 1.2,1.3].
The m-cluster category is a generalization of the cluster category. The cluster category was introduced in [10] (for type A) and [9] (general hereditary case), and can be regarded as the case m = 1 of the m-cluster category. Keller has shown that the m-cluster category is Calabi-Yau of dimension m+1 [1] . We remark that such Calabi-Yau categories have also been studied in [11] . One of the aims of the definition of the cluster category was to model the Fomin-Zelevinsky cluster algebra [12] representation-theoretically.
We show that C m D n can be realized geometrically in terms of a category of arcs in a punctured polygon with nm − m + 1 vertices. This generalizes a result of Schiffler [13] , who considered the case m = 1. We remark that the punctured polygon model for the cluster algebra of type D n appears in the work of Fomin, Schapiro and Thurston [14] as part of a more general set-up, building on [15] - [18] which consider links between cluster algebras and Teichmüller theory.
Also, such a geometric realization of a cluster category first appeared (with a construction for type A n in the case m = 1) in [10] .
Our approach is based on the idea of the mth power of a translation quiver introduced in [3] . We show that, with a slight modification of the definition for m = 2, . In Section 5 we show that, if this modification is not made, the square of the Auslander-Reiten quiver of C
has a connected component whose underlying topological space is a torus.
Notation and definitions
Throughout, for k ∈ N, we denote by Z k = {0, 1, . . . , k − 1} the integers modulo k. Let Q be a quiver of underlying Dynkin type D n . The vertices of Q are labelled 0, 0, 1, . . . , n − 2 and the arrows are i → i − 1 (i = 1, . . . , n − 2) together with 1 → 0; see Figure 2 .1.
We now recall the Auslander-Reiten quiver of the cluster category C D n (see [9, §1] , [19] ).It is a stable translation quiver built from n copies of Q. We denote it by Γ (D n , 1). The 
Finally, the translation τ is given by
and n is odd,
We use the convention that 0 = 0. Note that the switch described here only occurs for odd n.
As an example, we draw the quivers Γ (D n , 1) for n = 3 and n = 4; see Figures 2.2 and 2.3. The translation τ is indicated by dotted lines (it is directed to the left).
We recall the notion of the m-th power of a translation quiver (cf. [3] ). If Γ is a translation quiver with translation τ , then the quiver Γ m , the m-th power of Γ , is the quiver whose objects are the same as the objects of Γ and whose arrows are the sectional
One of our goals is to realize the Auslander-Reiten quiver for the m-cluster category of type D n in terms of the mth power of the Auslander-Reiten quiver of a cluster Hence the only sectional paths that are not restricted are the paths of the form Let n, m ∈ N, with n ≥ 3. We recall that [19] the derived category of a quiver of Dynkin type D n has vertices Z × {0, 0, 1, 2, . . . , n − 2} and arrows given by (i, j) → (i, j − 1) and
and
, where i ∈ Z is arbitrary.
We also have that
Let Γ (D n , m) be the quiver with vertices
The arrows are given by
, where i ∈ Z nm−m+1 is arbitrary and the addition is modulo nm − m + 1. We also define
and nm is odd,
It follows from the construction of C The vertices of the Auslander-Reiten quiver
, where i is arbitrary and the addition is modulo nm − m + 1. We also have
, m is odd and n is even. Otherwise, we have j = 0 or 0 and we set
Here and in the sequel, the im in the numerator means interpret i ∈ Z nm−m+1 = {0, 1, . . . , nm − m} ⊆ Z as an integer, which is then multiplied by m in Z. We also adopt the usual convention that, for a real number x, x denotes the largest integer k such that
Here we adopt the convention that m|0. 
Thus if the initial vertex of a restricted sectional path lies in V then so does the final vertex.
Proof. For (1) and ( Proof. Since |V| = |V(D n , m)| and σ is surjective, it follows that σ is bijective. The arrows Proof. By Lemma 3.4, both statements of the proposition will follow if we can show that,
, since this will also imply that the image of σ is closed under τ m . We firstly note that if
, the result holds. So we are left with the case where j = 0 or 0. We break this down into cases, considering first the case where j = 0. Throughout, we denote the reduction of k modulo
Case (a): m odd and n even.
In this case we have that nm − m + 1 is even, and nm is even, so for any
Case (b): m is even.
In this case we have that nm − m + 1 is odd, so for l = 0 or 0, we have:
Since m is even, nm is even, so τ (i, 0) = (i − 1, 0) for all i. 
is odd (using here the fact that m
Case (c): n, m both odd.
Since n and m are both odd, nm is odd, so
( 
Geometric realization
In this section, we give a geometric realization of the m-cluster category of type D n . To do so, we use certain m-arcs in a punctured nm−m+1-gon. Thus we are generalizing the notion of tagged edges of Schiffler [13] for the cluster category of type D n and the notion of m-diagonals of our work on m-cluster categories of type A n [3] .
Let P be a punctured N-gon in the plane (later we shall specialize to the case where N = nm − m + 1). We label the vertices of P clockwise. In what follows, we will use a slightly generalized version of a polygon. We will allow arcs D ± ij and sides B i,i+1 of the polygon P as sides of a polygon. We will say that such a (generalized) polygon is degenerate if it has more sides than vertices. Note that such polygons may or may not contain the puncture.
In the remainder, we will in particular be interested in the following types of generalized polygons and generalized degenerate polygons obtained from the regular N- Note that we can view type (iii) as the limit j → i of type (i) and type (iv) as the limit k → i of type (ii). We show each of these four types in (
In Figure 4 .3, we illustrate the four types of m-moves inside a heptagon, i.e. n = 4,
Our goal is to model the m-cluster category C m (D n ) geometrically. To do so, we will from now on assume that N = nm − m + 1, so the polygon P has nm − m + 1 vertices. We are now ready to define a translation quiver using the punctured polygon, P. 
where i ≡ lm + 1 modulo N and k = 1, . . . , n − 2. On arcs D ± ii , ρ is defined as follows. 
We have seen that ρ induces an isomorphism of quivers and
It follows that Γ is a translation quiver and that ρ is an isomorphism of translation quivers.
A toral translation quiver
In this section we give an example of a toral translation quiver arising from the cluster category C Proof. We consider the following subset of the vertices of the quiver Then we show that X k is connected, hence is a single component. together with the vertices of Γ (n, m).
